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The Problem

• We want: Fast computation of the kernel sums

sm =
N∑

n=1

wnF (∥xn − ym∥) ∀ m = 1, ...,M

• Given: RBF F : R≥0 → R, points xn, ym ∈ Rd and coefficients wn ∈ R for n = 1, ..., N , m = 1, ...,M
• Goal: Improve computational complexity O(MN)

Examples F (∥x∥)
Gauss exp(− ∥x∥2

2σ2 )
Matérn 21−ν

Γ(ν) (
√

2ν
β
x)νKν(

√
2ν
β
x)

Laplace exp(−α∥x∥)
Riesz −∥x∥r, r ∈ (0, 2)
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Motivational Example: Particle Flows

• Given: y = (y1, ..., yM ) ∈ (Rd)M

• Find: x = (x1, ..., xN ) ∈ (Rd)N that “well approximate” y

argmin
x

1
2N2

N∑
m=1

N∑
n=1

F (∥xn − xm∥)︸ ︷︷ ︸
repulsion

− 1
MN

M∑
m=1

N∑
n=1

F (∥xn − ym∥)︸ ︷︷ ︸
attraction

(1 − vm)∑
m

(1 − vm)

• Gradient descent approximation:
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Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

• Fourier expansion of the kernel with degree Nft ∈ N

F (∥x∥) ≈
∑

k∈{−Nft,...,Nft}d

cke2πi⟨x,k⟩

• Insert into the sum (2)

sm =
N∑

n=1

wnF (∥xn − ym∥) ≈
N∑

n=1

wn

∑
k∈{−Nft,...,Nft}d

cke2πi⟨xn−ym,k⟩

=
∑

k∈{−Nft,...,Nft}d

cke−2πi⟨ym,k⟩
N∑

n=1

wne2πi⟨xn,k⟩

︸ ︷︷ ︸
=:ŵk

1 Compute inner sum ŵk via NFFT of w  O(N +Nd
ft logNft)

2 Compute outer sum sm via NFFT of ckŵk  O(M +Nd
ft logNft)

3 Total complexity: O(N +M +Nd
ft logNft) ⇒ unfeasible for d > 3
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Slicing Summation [Hertrich 2024]

• Idea: Construct even f : R → R s.t.

F (∥x∥) = 1
|Sd−1|

∫
Sd−1

f(|⟨x, ξ⟩|) dξ ∀x ∈ Rd

≈ 1
P

P∑
p=1

f(|⟨x, ξp⟩|)

• Insert into the sum
∑N

n=1 wnF (∥xn − ym∥)

sm =
N∑

n=1

wn
1

|Sd−1|

∫
Sd−1

f(|⟨xn − ym, ξ⟩|) dξ

Choose points ξ1, . . . , ξP ∈ Sd−1

≈ 1
P

P∑
p=1

N∑
n=1

wnf(|⟨xn, ξp⟩ − ⟨ym, ξp⟩|)︸ ︷︷ ︸
1D kernel sum

• P one-dimensional sums  O(P (N +M +Nft logNft))

radial function F (∥x∥)
(Gaussian)

x 7→ f(⟨x, ξ⟩) for 2 different ξ

ξ

ξ

x1

⟨ξ, x1⟩

x2

⟨ξ, x2⟩

x3

⟨ξ, x3⟩

x4

⟨ξ, x4⟩

x5

⟨ξ, x5⟩

Projection of points x1, . . . , x5 ∈ R2 onto
the line in direction ξ
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Top: Approximation of F
Bottom: x 7→ f(⟨x, ξ⟩)

ξ

ξ

x1

⟨ξ, x1⟩

x2

⟨ξ, x2⟩

x3

⟨ξ, x3⟩

x4

⟨ξ, x4⟩

x5

⟨ξ, x5⟩
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Slicing Error [Hertrich Jahn Quellmalz 2025]
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The Slicing Transform [M. Quellmalz, R. Beinert, G. Steidl 2023]

Sliced kernel function f : R → R

F (∥x∥) = 1
|Sd−1|

∫
Sd−1

f(⟨x, ξ⟩) dξ ∀x ∈ Rd

SLICED OPTIMAL TRANSPORT ON THE SPHERE
Robert Beinert1, Michael Quellmalz1, Léo Buecher1,2, Gabriele Steidl1

1Technische Universität Berlin, 2Université Paris-Saclay

Introduction

Optimal Transport

▶P(X) probability measures on compact manifold X
▶Pushforward of f : X → Y and µ ∈ P(X) is

f#µ := µ ◦ f −1 ∈ P(Y)
▶µ ∈ P(X), ν ∈ P(Y)
▶Wasserstein-p distance

W p
p (µ, ν) := min

π∈P(X×Y)

{∫
X×Y

∥x − y∥p2dπ(x , y ) : P1#π = µ,P2#π = ν

}
where p ∈ [1,∞) and Pi is the projection to the i -th component

Optimal Transport on the Real Line X = R
▶Cumulative distribution function Fµ(x) := µ((−∞, x ])
▶By [5] the Wasserstein distance is easy to compute

W p
p (µ, ν) =

∫ 1

0

|F−1
µ (x)− F−1

ν (x)|p dx

Sliced Optimal Transport on Rd

▶ Slicing operator Sψ : Rd → R, x 7→ x ·ψ
▶ Sliced Wasserstein distance [4]

SWp
p(µ, ν) :=

∫
Sd−1

Wp
p

(
(Sψ)#µ, (Sψ)#ν

)
dψ

Image by Brendan F. Hayden

Parallel Slicing of the Sphere Sd−1Sd−1Sd−1

▶ Slicing operator for fixed ψ ∈ Sd−1:

Sψ : Sd−1 → [−1, 1], ξ 7→ ξ ·ψ
▶ Slice S−1

ψ (t) is intersection of Sd−1 and
plane with normal ψ and distance t from
the origin

Parallel Slice Transform
▶For functions f ∈ L1(Sd−1):

U f (ψ, t) := 1

|Sd−1|
√
1− t2

∫
S−1
ψ (t)

f (ξ) dξ, (ψ, t) ∈ Sd−1 × (−1, 1)

▶For measures µ ∈ P(Sd−1):

Uψµ := (Sψ)#µ ∈ P([−1, 1]),

Uµ := T#(uSd−1 × µ) ∈ P(Sd−1 × [−1, 1]) with T (ψ, ξ) = (ψ,Sψ(ξ)),
where uSd−1 is the normalized Lebesgue measure on Sd−1

Parallelly Sliced Wasserstein Distance

PSWp
p(µ, ν) :=

∫
Sd−1

Wp
p(Uψµ,Uψν) duSd−1(ψ)

Theorem (Metric Properties) [3]

▶PSWp is a rotationally invariant metric on P(Sd−1) for all p ∈ [1,∞).
▶There exist constants cd ,p,Cd ,p > 0 such that

cd ,pPSWp(µ, ν) ≤ Wp(µ, ν) ≤ Cd ,pPSWp(µ, ν)
1

p(d+1) ∀µ, ν ∈ P(Sd−1).

Semicircular Slicing of the Sphere S2S2S2

▶ Spherical coordinates on S2:
Φ(φ, θ) := (cosφ sin θ, sinφ sin θ, cos θ)

▶Euler angles on SO(3):

Ψ(α, β, γ) := R3(α)R2(β)R3(γ)

(Ri(α) rotation around i -th axis with angle α)

Normalized Semicircle Transform
▶For functions f ∈ L1(S2):

Wf (α, β, γ) :=
1

4π

∫ π

0

f
(
Ψ(α, β, 0)Φ(γ, θ)

)
sin θ dθ

▶For measures µ ∈ P(S2):
Wα,βµ := (Aα,β)#µ ∈ P(T)
Wµ := T#(uS2 × µ) ∈ P(SO(3)) with T (Φ(α, β), ξ)=Ψ(α, β,Aα,β(ξ))

( Aα,β : S2 → T ≃ [0, 2π), Aα,β(ξ) := azi(Ψ(α, β, 0)⊤ ξ), and azi(Φ(φ, θ)) = φ for all φ, θ)

Semicircular Sliced Wasserstein Distance [2]

SSWp
p(µ, ν) :=

∫
S2
Wp

p(Wα,βµ,Wα,βν) duS2(Φ(α, β))

Theorem (Metric Properties) [1]

▶The normalized semicircle transform W : P(S2) → P(SO(3)) is injective.
▶ SSWp is a rotationally invariant metric on P(S2) for all p ∈ [1,∞).

▶Definition can be generalized to Sd−1

Wasserstein Barycenters

▶Measures µi ∈ P(X), i = 1, . . . ,M , weights λi ≥ 0 with
∑M

i=1 λi = 1
▶Wasserstein barycenter

BaryX(µi , λi)
M
i=1 := arg min

ν∈P(X)

M∑
i=1

λi W
2
2(ν, µi)

▶Parallely sliced Radon barycenter of µi ∈ Pac(Sd−1):

BaryUSd−1(µi , λi)
M
i=1 := U †

((
BaryR(λi ,Uψµi)

M
i=1

)
ψ∈Sd−1

)
,

where U † is the pseudoinverse whose argument is viewed as a density
function on Sd−1 × [−1, 1]

First input µ1 Second input µ2 Parallelly sliced bary-

center (0.7 s)

Semicircular sliced

barycenter (89 s)

Wasserstein barycen-

ter (364 s)

First input µ1 Second input µ2 Parallely sliced bary-

center

Semicircular sliced

barycenter

Wasserstein barycen-

ter

Conclusions

▶Both parallel slicing and semicircular slicing provide metrics on P(S2)
▶Parallel slicing is computationally more efficient
▶Application for barycenters and image classification
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Theorem (f 7→ F ) [Hertrich 2024] [Rubin 2003]

For d ≥ 2, a pair (F, f) of basis functions in L∞
loc(R≥0) fulfills this relation if and only if F is the generalized

Riemann–Liouville fractional integral

F (t) =
2Γ( d

2 )
√
πΓ( d−1

2 )

∫ 1

0
f(ts)(1 − s2)

d−3
2 ds =

2Γ( d
2 )

√
πΓ( d−1

2 )
1
t

∫ t

0
f(s)(1 − s2

/t2)
d−3

2 ds.
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Inverting the Riemann-Liouville fractional integral

F (∥x∥) = 1
|Sd−1|

∫
Sd−1

f(⟨x, ξ⟩) dξ ∀x ∈ Rd

Theorem (Necessary condition for slicing) [R. Quellmalz Steidl 2025]

For d ∈ N with d ≥ 3, let f ∈ L∞
loc([0,∞)), then F is ⌊ (d−2)

2 ⌋-times continuously differentiable on (0,∞).

Theorem (Sufficient condition for slicing) [R. Quellmalz Steidl 2025] [Samko Kilbas Marichev 1993]

For d ≥ 3, let F ∈ C⌊d/2⌋([0,∞)) and G(t) := F (
√
t)t(d−2)/2, t ≥ 0. Then F gets sliced by f ∈ C([0,∞)) given

f(s) := 2s
cdΓ((d−1)/2)

(
D

(d−1)/2
+ G

)
(s2), s ≥ 0,

Moreover, if the ⌊d/2⌋-th derivative of F is slowly increasing, then f is slowly increasing.
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For d ∈ N with d ≥ 3, let f ∈ L∞
loc([0,∞)), then F is ⌊ (d−2)

2 ⌋-times continuously differentiable on (0,∞).

Theorem (Sufficient condition for slicing) [R. Quellmalz Steidl 2025] [Samko Kilbas Marichev 1993]

For d ≥ 3, let F ∈ C⌊d/2⌋([0,∞)) and G(t) := F (
√
t)t(d−2)/2, t ≥ 0. Then F gets sliced by f ∈ C([0,∞)) given

f(s) := 2s
cdΓ((d−1)/2)

(
D

(d−1)/2
+ G

)
(s2), s ≥ 0,

Moreover, if the ⌊d/2⌋-th derivative of F is slowly increasing, then f is slowly increasing.
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Slicing and the Fourier Transform [R. Quellmalz Steidl 2025]

Assume F (∥ · ∥) has Fourier transform ρ(∥ · ∥)

F (∥x∥) = Fd[ρ(∥ · ∥)] =
∫
Rd

e−2πi⟨x,v⟩ ρ(∥v∥) dv

Polar decomposition v = rξ, r = ∥v∥, ξ ∈ Sd−1, yields

=
∫
Sd−1

∫ ∞

0
e−2πi⟨x,ξ⟩r ρ(r)rd−1 dr dξ

= 1
2

∫
Sd−1

∫
R

e−2πi⟨x,ξ⟩r ρ(r)|r|d−1︸ ︷︷ ︸
=:Mdρ(r)

dr dξ

= 1
2

∫
Sd−1

F1[Mdρ](⟨x, ξ⟩) dξ

= 1
|Sd−1|

∫
Sd−1

|Sd−1|
2 F1[Mdρ]︸ ︷︷ ︸

=f

(⟨x, ξ⟩) dξ

We obtained an inversion formula!
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Inversion Formula for L1 Functions

• Rotation operator Rd maps F : [0,∞) → R to the radial function

RdF (x) := F (∥x∥), x ∈ Rd

• Spherical averaging operator maps Φ: Rd → R to

AdΦ(r) := 1
|Sd−1|

∫
Sd−1

Φ(r ξ) dξ, r ∈ R

• Multiplication operator
MdF (r) := F (|r|)|r|d−1, r ∈ R

Theorem [R. Quellmalz Steidl 2025]

Let d ≥ 2. Let F : [0,∞) → R fulfill RdF = Fd[Rdρ] for some function ρ : [0,∞) → R with Rdρ ∈ L1(Rd)
and RdF ∈ L1(Rd), then

f = |Sd−1|
2 (F1 ◦ Md ◦ Ad ◦ F−1

d ◦ Rd)[F ].

⌣ Inversion formula uses only one- and d-dimensional Fourier transform and simple operators
⌢ Not applicable for the Riesz kernel F (x) = −|x|
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Example: Gauss Kernel f = |Sd−1|
2 (F1 ◦ Md ◦ Ad ◦ F−1

d ◦ Rd)[F ]

Gauss kernel F (t) = exp
(

− t2

2

)
Radial function RdF (x) = exp

(
− ∥x∥2

2

)
Fourier transform F−1

d RdF (x) = (2π)d/2 exp(−2π2∥x∥2) RdF = Fd[Rdρ]
radial part ρ(t) = (2π)d/2 exp(−2π2t2)
Multiplication Mdρ(t) = (2π)d/2 exp(−2π2t2)|t|d−1

Sliced kernel f(t) = F1[Mdρ](t) = 1F1

(
d
2 ,

1
2 ,−

t2

2

)
(confluent hypergeometric function)
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Figure: Gauss kernel F and the corresponding sliced kernel f for d = 10
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Slicing of Tempered Distributions

• Schwartz space S(Rd) =
{
φ ∈ C∞(Rd) : Dαxβφ(x) ∈ C0(Rd) ∀α, β ∈ Nd

}
• Tempered distributions S ′(Rd) are continuous linear functionals on S(Rd)
• Fourier transform of T ∈ S ′(Rd) is defined as “adjoint”

⟨FdT, φ⟩ := ⟨T,Fdφ⟩ ∀φ ∈ S(Rd)
• Define “adjoint operators”

R⋆
d : S ′(Rd) → S ′

rad(R), ⟨R⋆
dT, ψ⟩ := ⟨T, (Rd ◦ A1)ψ⟩ ∀ψ ∈ S(R)

A∗
d : S ′(R) → S ′

rad(Rd), ⟨A∗
dτ, φ⟩ := ⟨τ,Adφ⟩ ∀φ ∈ S(Rd)

Theorem [R. Quellmalz Steidl 2025]

Let f ∈ C(R) be slowly increasing and even. Set F (∥x∥) = 1
|Sd−1|

∫
Sd−1 f(⟨ξ, x⟩ dξ. Then f can be recovered

from
f := (F1 ◦ R⋆

d ◦ F−1
d )[RdF ]. (⋆)

Theorem (Conditions on F ) [R. Quellmalz Steidl 2025]

Let d ≥ 3 and let the ⌊d/2⌋-th derivative of F ∈ C⌊d/2⌋([0,∞)) be slowly increasing. Then the sliced kernel f
is well-defined and satisfies (⋆).
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Overview

• Task: compute efficently

sm :=
N∑

n=1

wnF (∥xn − ym∥) ∀m = 1, . . . ,M

• Application in MMD computations
• In one dimension use FFT to reduce complexity O(NM) → O(N +M +Nd

ft log(Nft))
• In higher dimensions, slice F

F (∥x∥) = 1
|Sd−1|

∫
Sd−1

f(⟨ξ, x⟩) dξ ≈ 1
P

P∑
p=1

f(⟨ξp, x⟩)

• Reduce high dimensional problem to multiple one dimensional problems

sm ≈
P∑

p=1

N∑
n=1

wnf(⟨ξ, xn − ym⟩

• Found inversion formula f → F in the Fourier sense f = |Sd−1|
2 (F1 ◦ Md ◦ Ad ◦ F−1

d ◦ Rd)[F ]
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Known Pairs (F, f) [Hertrich Jahn Quellmalz 2025]

Kernel F (x) F−1
d [F (∥ · ∥)](∥ω∥) f(x) F−1

1 [f ](|ω|)

Gauss exp(− x2

2σ2 ) (2πσ2)d/2 exp(−2π2σ2ω2) 1F1( d
2 ; 1

2 ; −x2

2σ2 ) πσ exp(−2π2σ2ω2)(2π2σ2ω2)(d−1)/2

2Γ( d
2 )

Laplace exp(−αx) Γ( d+1
2 )2dπ

d−1
2

αd (1 + 4π2ω2

α2 )− d+1
2

∑∞
n=0

(−α)n√
πΓ( n+d

2 )
n!Γ( d

2 )Γ( n+1
2 )

xn Γ( d+1
2 )2dπ

d−1
2 |ω|d−1

Γ( d
2 )αd (1 + 4π2ω2

α2 )− d+1
2

Sliced Laplace
I d−2

2
(−αt)+L d−2

2
(−αt)

(αt)
d−2

2

2
4−d

2 Γ( d
2 )

π(d+1)/2Γ( d−1
2 )|ω|d−1

2α
α2+4π2ω2

2
4−d

2
√

πΓ( d−1
2 )

exp(−αx) 2
d−4

2
√

πΓ( d−1
2 )

2α
α2+4π2ω2

Matérn 21−ν

Γ(ν) (
√

2ν
β
x)νKν(

√
2ν
β
x) Γ( 2ν+d

2 )2
d
2 π

d
2 βd

Γ(ν)ν
d
2

(1 + 2π2β2ω2

ν
)− 2ν+d

2 [Hertrich 2024, Appx C]
Γ( 2ν+d

2 )2
d
2 πdβd|ω|d−1

Γ( d
2 )Γ(ν)ν

d
2

(1 + 2π2β2ω2

ν
)− 2ν+d

2

Riesz for r > −1 −xr not a function −
√

πΓ( d+r
2 )

Γ( d
2 )Γ( r+1

2 )
xr not a function

Thin Plate Spline x2 log(x) not a function
dx2 log(x) + Cdx

2, with
Cd = d

2

(
H d

2
− 2 + log(4)

) not a function

Table: Basis functions F for different kernels K(x, y) = F (∥x − y∥) and corresponding basis functions f from
k(x, y) = f(|x − y|). Also the inverse Fourier transforms F−1

d
[F (∥ · ∥)] and F−1

1 [f(| · |)]
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Applications of the Kernel Summation Problem

• Kernel density estimation [Parzen 1962] [Rosenblatt 1956]

• Classification via support vector machines [Steinwart Christmann 2008]

• Dimensionality reduction with kernelized principal component analysis [Schölkopf Smola 2002]
[Shawe-Taylor Cristianini 2004]

• Dithering and halftoning of images [Teuber Steidl Gwosdek Schmaltz Weickert 2010] [Krahmer Veselovska 2024]

• Electrostatic particle simulation [Nestler Pippig Potts 2015]

• Maximum mean discrepancies or the energy distance on the space of probability measure
[Gretton Borgwardt Rasch Schölkopf Smola 2006] [Székely 2002]

• Corresponding gradient flows [Arbel Korba Salim Gretton 2019] [Galashov Bortoli Gretton 2024]
[Hagemann Hertrich Altekrüger Beinert Chemseddine Steidl 2024] [Kolouri Nadjahi Shahrampour Simsekli 2022]

• Methods for Bayesian inference like Stein variational gradient descent [Liu Wang 2016]
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Random Fourier features (RFF)

A continuous, bounded function G : Rd → R is called positive definite if for all N ∈ N
N∑

j,k=1

ajakG(xj − xk) ≥ 0 ∀xj ∈ Rd, aj ∈ R.

⇔ Matrix [G(xj − xk)]j,k is positive semi-definite

Theorem [Bochner 1933]

Denote by P(Rd) the space of probability measures. The Fourier transform

Fd : P(Rd) → C0(Rd), Fd[µ](x) =
∫
Rd

e−2πi⟨x,v⟩ dµ(v) = Ev∼µ[e−2πi⟨x,v⟩],

is bijective from P(Rd) to the positive definite functions on Rd with G(0) = 1.

If µ has density gµ ∈ L1(Rd), then

Fd[µ](x) =
∫
Rd

e−2πi⟨x,v⟩gµ(v) dv.

Kernel positive definite
Gaussian ✓

Matérn ✓

Laplacian ✓

Riesz é
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Random Fourier features (RFF) [Rahimi Recht 2007]

• Assumption: F ◦ ∥ · ∥ positive definite on Rd and F (0) = 1
• ∃ Fourier transform µ ∈ P(Rd) with F (∥x∥) = Ev∼µ[e2πi⟨x,y⟩]
• Draw iid samples v1, . . . , vD from µ:

F (∥x∥) = Ev∼µ

[
e−2πi⟨x,v⟩] ≈ 1

D

D∑
p=1

e2πi⟨x,vp⟩

• Insert into the sum (2)

sm =
N∑

n=1

wnF (∥xn − ym∥) ≈
N∑

n=1

wn
1
D

D∑
p=1

e2πi⟨xn−ym,vp⟩

= 1
D

D∑
p=1

e−2πi⟨ym,vp⟩
N∑

n=1

wne2πi⟨xn,vp⟩

⌣ Complexity  O(D(N +M))
⌣ Simple to implement
À Error bound E[∥F − F̃∥∞] ∈ O(1/

√
D) [Sutherland Schneider 2015]

⌢ Only for positive definite functions  Not applicable for Riesz kernel F (∥x∥) = −∥x∥
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Slicing Error

101 102 103

Number P of Projections

10 4

10 3

10 2

10 1

Ab
so

lu
te

 E
rro

r

Gauss kernel with 2 = 0.194, d = 20

RFF
ORF
Sobol RFF
slicing
Sobol slicing
Orth slicing
Distance slicing

101 102 103

Number P of Projections

10 3

10 2

10 1

Ab
so

lu
te

 E
rro

r

Laplace kernel with = 2.27, d = 20

RFF
ORF
slicing
Sobol slicing
Orth slicing
Distance slicing

101 102 103

Number P of Projections

10 3

10 2

10 1

Ab
so

lu
te

 E
rro

r

Matern kernel with = 0.44, = 1.5, d = 20

RFF
ORF
slicing
Sobol slicing
Orth slicing
Distance slicing

101 102 103

Number P of Projections

10 6

10 5

10 4

10 3

10 2

Ab
so

lu
te

 E
rro

r

negative distance kernel d = 3

slicing
Sobol slicing
Orth slicing
Distance slicing
spherical design

101 102 103

Number P of Projections

10 3

10 2

Ab
so

lu
te

 E
rro

r

negative distance kernel d = 10

slicing
Sobol slicing
Orth slicing
Distance slicing

101 102 103

Number P of Projections

10 2

10 1

Ab
so

lu
te

 E
rro

r

negative distance kernel d = 50

slicing
Sobol slicing
Orth slicing
Distance slicing

Slicing of Radial Functions: a Dimension Walk in the Fourier Space | Nicolaj Rux | 13 March 2025

Page 19


	Introduction
	Problem
	Motivational Example

	Fast Kernel Summation
	Fast Fourier Summation
	The Slicing formula

	Computing the Sliced Kernel: A Dimension Walk in Fourier Space
	Necessary and sufficient conditions
	A Fourier inversion formula
	Tempered Distributions


	anm1: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	anm0: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


