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The Problem
® \We want: Fast computation of the kernel sums

N
sm= waF(len—yml) Ym=1,.,M
n=1

® Given: RBF F: Rso — R, points &y, ym € R? and coefficients w, € Rforn=1,...N, m=1,..,M
® Goal: Improve computational complexity O(M N)

Slicing of Radial Functions: a Dimension Walk in the Fourier Space | Nicolaj Rux | 13 March 2025
Page 2



The Problem

® \We want: Fast computation of the kernel sums

N
sm= waF(len—yml) Ym=1,.,M
n=1

® Given: RBF F: Rso — R, points &y, ym € R? and coefficients w, € Rforn=1,...N, m=1,..,M
® Goal: Improve computational complexity O(MN)

Examples ‘ F(|l=|)
Gauss exp(—%)

i 1-v v \U v
Matérn o (‘/gm) K,,(‘/?x)
Laplace exp(—allz))

Riesz —llz|l", r € (0,2)
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Motivational Example: Particle Flows

® Given: y = (y1,...,ynm) € (RHM

® Find: © = (z1,...,2n) € (Rd)N that “well approximate” y
argmeNQZ:lZF |20 — zm]||) — Msz:lF |Tn — yml])
m n=1 m=1n
repulsion attraction

® Gradient descent approximation:

:00 %
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argmeNQZ:lZF |20 — zm]||) — Msz:lF |Tn — yml])
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® Gradient descent approximation:

:00 %
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Fast Fourier Summation
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Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree Ny, € N

Fla)= Y aeme

ke{—Ng,...,Ngp 3¢
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Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree Ny, € N

Fla)= Y aeme

ke{—Nge,-...Neg ¢

® Insert into the sum (2)

N
sm = wnF (|2 = yml)

n=1
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Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree Ny, € N
F(”IH) ~ Z Ck827ri<l‘,k)
k€{—Ngg,...,Nge 1
® Insert into the sum (2)

N

N
sm= Y _wnF(llzn = yml)) # D wn S 2T =y )
n=1

n=1 ke{—Ng,...,Ng 3¢
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Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree Ny, € N

F(ll]) Y e

ke{—Nr,...,Ngp 34

Q

® Insert into the sum (2)

2
g
§

§ Cke2"i<xn_ymﬂk>

n=1 ke{—Ng,...,Ng 3¢

N
3 e 2TUm Y g 2 )
n=1

ke{—Ngg,.... Ny 14

N
sm =Y wnF(llzn = yml) ~
n=1

=y
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Fast Fourier Summation [Kunis Potts 2006] [Potts Steidl Nieslony 2004]

® Fourier expansion of the kernel with degree Ny € N

F(”IH) ~ Z Ck627ri<l‘,k)

ke{—Nr,...,Ngp 34

® Insert into the sum (2)

2
g
§

§ Cke%fi(ﬂfn—ym,k)

n=1 ke{—Ng,...,Ng 3¢

N
3 e 2TUm Y g 2 )

ke{—Ng,...,Ngg @ n=1

N
sm = wnF (|2 = yml)
n=1

=y

©® Compute inner sum wy via NFFT of w ~» O(N + Nf log Ny,)
@ Compute outer sum sy, via NFFT of cpty ~ O(M + N¢ log Nit)
© Total complexity: O(N + M + N§ log Ny;) = unfeasible for d > 3
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Slicing Summation [Hertrich 2024]

® |dea: Construct even f: R — R s.t. T

Flll) = gy [, S0 oDde  veeR!

radial function F(||z||)
(Gaussian)

%
S e,
~

z — f((z,€&)) for 2 different
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Slicing Summation

® |dea: Construct even f: R — R s.t.

Flll) = gy [, S0 oDde  veeR!

® Insert into the sum 27]:]:1 wnF([[zn — ymll)

N
Sm = an@/g’d—l Sz —ym, )]) dg
n=1

[Hertrich 2024]

Top: Approximation of F
Bottom: = — f({(z,£))
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Slicing Summation [Hertrich 2024]

® |dea: Construct even f: R — R s.t.

Flel) = = [ £ &) de Va € RY

[SI=1] sd—1

~ 5 ()

p=1
® Insert into the sum Zle W F(||2n — yml])

N
=D wnigis [ A=) e
n=1 2

(&, z1) (&, z3) (&, z5)
(&, z2) (&, 2q)

Projection of points z1,...,xz5 € R? onto

the line in direction £
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Slicing Summation

® |dea: Construct even f: R — R s.t.

Flel) = = [ £ &) de Va € RY

|Sa—1] i1
1 P
~ 5 3 f(l &)

p=1
® |nsert into the sum Zle wn F (|20 — ym]|)

N
1
Sm:anW/ F(@n — ym, §)]) d€
n=1 §d=1
Choose points &1,...,&p € S471

~ %Zzwnm(mmép) — (Ym &p)))

p=1 n=1

1D kernel sum

® P one-dimensional sums ~» O(P(N + M + Ng log Ni))

[Hertrich 2024]

(&, 1) (€, x3)

(€, z5)

(&, 2) (&, =4)

Projection of points z1, .

the line in direction £

..,x5 € R? onto
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Slicing Error
Gauss kernel with 02 =0.022, d=3
10—1 4
M
10—3 4
S 1075 +
g 10774 -
§ +
g 10—94 +
2 RFF
10-114 x slicing
. o + + +t o+
= Distance slicing LA +++ "
10721+ spherical design BT A ****
10 10? 10°
Number P of Projections
F(ll=]]) —

Absolute Error

P

Z

[Hertrich Jahn Quellmalz 2025]

Gauss kernel with 02 =0.194, d =20

10714 ¥
10—2 4
10—3 4
RFF
x  slicing
10-4 = Distance slicing
10! 102 10

Number P of Projections

xgp
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Content

© Computing the Sliced Kernel: A Dimension Walk in Fourier Space
Necessary and sufficient conditions
A Fourier inversion formula
Tempered Distributions
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The Slicing Transform [M. Quellmalz, R. Beinert, G. Steidl 2023]

Sliced kernel function f: R — R

F(lel) = ﬁ/ f(@.&)de Vo R
Sd—l

Theorem (f +— F) [Hertrich 2024] [Rubin 2003]

For d > 2, a pair (F, f) of basis functions in Lfs.(R>) fulfills this relation if and only if F is the generalized
Riemann—Liouville fractional integral

|& [NIfH

_2r(s) 18_82¥S: r(3) 5—8t2s
rl) = 210 [ e - an= L [ - o
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Inverting the Riemann-Liouville fractional integral

F(||x||>:@/ f(@e)de Vo eR!
Sd—l

Theorem (Necessary condition for slicing) [R. Quellmalz SteidI 2

For d € N with d > 3, let f € L;.([0,00)), then F is L(df)J—times continuously differentiable on (0, c0).
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Inverting the Riemann-Liouville fractional integral

F(||x||>:@/ f(@e)de Vo eR!
Sd—l

Theorem (Necessary condition for slicing) [R. Quellmalz Steidl 2025]

For d € N with d > 3, let f € L;.([0,00)), then F is L@J-times continuously differentiable on (0, c0).

Theorem (Sufficient condition for slicing) [R. Quellmalz Steidl 2025] [Samko Kilbas Marichev 1993]

Ford > 3, let F € CL?1([0,00)) and G(t) := F(v/t)t*"/2, t > 0. Then F gets sliced by f € C([0,0)) given
_ 2s (d—1)/2 2
f(s) = m(DJr G)(s*), s=>0,

Moreover, if the |4/2]-th derivative of F is slowly increasing, then f is slowly increasing.
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Slicing and the Fourier Transform [R. Quellmalz Steidl 2025]

Assume F(|| - ||) has Fourier transform p(]| - ||)

F(II$H)=Fd[/J(||~II)]=/ e M p(|jo]]) dv

Rd
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Slicing and the Fourier Transform [R. Quellmalz Steidl 2025]

Assume F(|| - ||) has Fourier transform p(]| - ||)

F(HIH):Fd[IJ(II-II)]=/ e M p(|jo]]) dv

Rd

Polar decomposition v = ¢, 7 = ||v]|, € € S?7*, yields

:/ / e—27ri(m,§>'r‘p(r)rd—1 dr d£
sd=1 Jo
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Slicing and the Fourier Transform [R. Quellmalz Steidl 2025]

Il) has Fourier transform p(]| - ||)

E(llll) = Falp(ll - D] = /d e M p(|jo]]) dv

Polar decomposition v = ¢, 7 = ||v]|, € € S?7*, yields

/ / ef2wi(w,§>'r' p('l")'f’d71 dr d£
_ / / —27i(z,&)r )|r|d 1 dr d§
fMdP(T)

Assume F(]| -
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Slicing and the Fourier Transform [R. Quellmalz Steidl 2025]
Assume F(|| - ||) has Fourier transform p(]| - ||)
E(llzll) = Falo(ll - D] = /de_z’“(z’”> p(llv]) dv
R

Polar decomposition v = ¢, 7 = ||v]|, € € S?7*, yields

:/ / ef2wi(x,§>’r'p(r)rd71 dr d£
/ / —27i(z,&)r )|T|d 1 dr d§

fMdP(T)

_ %/ FiMapl((z,€)) de
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Slicing and the Fourier Transform [R. Quellmalz Steidl 2025]
Assume F(|| - ||) has Fourier transform p(]| - ||)
E(llzll) = Falo(ll - D] = /de_z’“<z’”> p(llv]) dv
R

Polar decomposition v = ¢, 7 = ||v]|, € € S?7*, yields

:/ / ef2wi(x,§>’r'p(r)rd71 dr d£
/ / —27i(z,&)r )|T|d 1 dr d§

fMdP(T)

/ FilMapl((, €)) de

|Sd 1‘/ Mdp](<x,£))d§
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Slicing and the Fourier Transform [R. Quellmalz Steidl 2025]
Assume F(|| - ||) has Fourier transform p(]| - ||)
E(llzll) = Falo(ll - D] = /de_z’“<z’”> p(llv]) dv
R

Polar decomposition v = ¢, 7 = ||v]|, € € S?7*, yields

:/ / ef2wi(x,§>’r'p(r)rd71 dr df
/ / —27i(z,&)r )|T|d 1 dr d§

fMdP(T)

/ FilMapl((, €)) de

|Sd 1‘/ Mdp](<x,£))d§

We obtained an inversion formula!

Slicing of Radial Functions: a Dimension Walk in the Fourier Space | Nicolaj Rux | 13 March 2025
Page 9



Inversion Formula for L' Functions

® Rotation operator R4 maps F': [0,00) — R to the radial function
RqF(z) = F(|lz]), zeR?
e Spherical averaging operator maps ®: R? — R to

Aa®(r) = ﬁ/ d(re)dé, reRr
§d—1

® Multiplication operator
MaF(r) = F(r)lr[*™", reR
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Inversion Formula for L' Functions

® Rotation operator R4 maps F': [0,00) — R to the radial function
RqF(z) = F(|lz]), zeR?
e Spherical averaging operator maps ®: R? — R to

Aa®(r) = ﬁ/ d(re)dé, reRr
§d—1

® Multiplication operator
MaF(r) = F(r)lr[*™", reR

Theorem [R. Quellmalz Steidl 2025]

Let d > 2. Let F: [0,00) — R fulfill RqF = F4[Rap] for some function p: [0,00) — R with Rap € L*(R?)
and RqF € L'(R?), then

ley%l(f1 onOAdOJ:d_lond)[F]'

® Inversion formula uses only one- and d-dimensional Fourier transform and simple operators

® Not applicable for the Riesz kernel F(z) = —|x]|
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Example: Gauss Kernel f = ‘Sd;‘ (FioMgoAgo F ' oRy)[F]

Gauss kernel | F(t) = exp ( - %)
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Example: Gauss Kernel f = ‘Sd;‘ (FioMgoAgo F ' oRy)[F]

Gauss kernel F(t) = exp ( — %)
Radial function RaF(x) = exp ( _ ”2”2)
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Example: Gauss Kernel f = ‘Sd;‘ (FioMgoAgo F ' oRy)[F]

Gauss kernel F(t) = exp ( — % ]
Radial function RaF(z) = exp ( — %
Fourier transform F'RaF(x) = (2m)%? exp(—27%||z]|?) RaF = Fa[Rap)
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| S

Example: Gauss Kernel [ = (]—"1 oMgoAgoF ' oRy)[F]

Gauss kernel F(t) = exp ( — %)

Radial function RaF(z) = exp( =0~ ”2

Fourier transform F'RaF(z) = (2m)%? exp( 22 ||z]|?) RaF = Fa[Rap)
radial part p(t) = (2m)Y? exp(—272t?)
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Example: Gauss Kernel f = ‘Sd;‘ (FioMgoAgo F ' oRy)[F]

Gauss kernel F(t) = — %

Radial function RaF(z) = — L=

Fourier transform F'RaF(z) = (27T)d/2 exp( 22 ||z]|?) RaF = Fa[Rap)
radial part p(t) = (2m)Y? exp(—272t?)

Multiplication Map(t) = (2m)%? exp(—272?)|t|?~*
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Example: Gauss

Gauss kernel
Radial function
Fourier transform
radial part
Multiplication

Sliced kernel

Kernel f = (]:1 oMgo Ao -7:d o Ra)[F]
F(t) = exp ( - %
RaF(z) = exp( ”12”2
Fi'RaF(z) = @m)2 exp(~2nal]?)  RaF = FalRap]
p(t) = (2m)"? exp(—27°t%)
Map(t) = (2m)? exp(—27°¢)[¢| 4~
ft) = FilMap](t) = 1 FA (g, 1 —g (confluent hypergeometric function)
F Map =F1f f

Figure: Gauss kernel F' and the corresponding sliced kernel f for d = 10
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Slicing of Tempered Distributions

* Schwartz space S(R?) = {¢ € C*(R") : D*z’p(z) € Co(R?) Vo, B € N}
® Tempered distributions S’ (R?) are continuous linear functionals on S(R%)
® Fourier transform of T' € S'(R?) is defined as “adjoint”

(FaT, @) = (T, Fap) Vg € S(R?)
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Slicing of Tempered Distributions

Schwartz space S(R?) = {¢ € C*(R?) : D*27¢(z) € Co(R?) Vo, B € N}
Tempered distributions S’(R?) are continuous linear functionals on S(R%)
Fourier transform of T' € S'(R?) is defined as “adjoint”

(FaT, @) = (T, Fap) Vg € S(R?)

Define “adjoint operators”
Ri: 8'(RY) = Staa(R),  (RIT,¥) = (T, (Rao A1)Y) Vi € S(R)
Az S'(R) = Staa(RY),  (Aim, ) = (1, Aup) Vyp € S(RY)
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Slicing of Tempered Distributions

e Schwartz space S(R?) = {g@ € C*(R?) : D*2Pp(z) € Co(RY) Vo, B € Nd}
Tempered distributions S’(R?) are continuous linear functionals on S(R%)
Fourier transform of T' € S'(R?) is defined as “adjoint”

(FaT, @) = (T, Fap) Vg € S(R?)

® Define “adjoint operators”
Ri: 8'(RY) = Staa(R),  (RIT,¥) = (T, (Rao A1)Y) Vi € S(R)
Az S'(R) = Staa(RY),  (Aim, ) = (1, Aup) Vyp € S(RY)

Theorem [R. Quellmalz Steidl 2025]

Let f € C(R) be slowly increasing and even. Set F(||z||) = @T fsd L f((&,x) d&. Then f can be recovered
from
f = (F1oRyoF;[RaF). (T%)

Theorem (Conditions on F) [R. Quellmalz Steidl 2025]

Let d > 3 and let the |d/2]-th derivative of F' € Cl/21([0,00)) be slowly increasing. Then the sliced kernel f
is well-defined and satisfies (¥¢).
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Overview

® Task: compute efficently
N
Sy = Zw,,,F(H:L',,, —Yml|) VYm=1,...,M

® Application in MMD computations
® In one dimension use FFT to reduce complexity O(NM) — O(N + M + N log(Nx))

In higher dimensions, slice F'

;
Fllel) = iy [ (& dE~ 57 (6
§d—1 p=1

Reduce high dimensional problem to multiple one dimensional problems

P N
S DD waf (€20 = ym)
p=1 n=1

Sd 1‘

* Found inversion formula f — F in the Fourier sense f = 5——L(F} o My o0 Ay o F; ' oRa)[F]
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Known Pairs (F, f)

[Hertrich Jahn Quellmalz 2025]

Kernel F(x) 7 EA- Dl f(=) F D)
- - 2 022,22 2,2 2\(d—1)/2
Gauss exp(~ (2m0%) "% exp(~270%?) VR 3 55) i i
3
d—1
P(&EL)2d 7 dn2? AL o (—a)tyAT(2EL) (4L )pdn —Md 1 An2e
Laplace exp(—azx) 1+ ) Yo n!r(%)r(%%) " (Dt (14 5=
s Ta_z(—at)+Lg_s (—at) 2%1‘(4) N 24;1 2:124 )
liced Laplace Z Z £ 2 exp(—ax —— T oo
p = T e Jr( T, P(—a) Var(Ih) oT
. DV VBT g (vEDy | D2 xd sl 2xptt ) 2t ) P2 dplipdol 22,2 2ukd
Matérn — (Ya)" K, (Ya) 2 1+ ) T2 [Hertrich 2024, Appx C] 2 1+ )~
Tw) "B B 7 2 S v
O r(ryw?
d+7
Riesz for r > —1 —z" not a function % not a function
dz? log(x) + Cyz?, with
Thin Plate Spline 22 log(x) £(2) !

not a function

Ca=§(Hyg —2+log(4))

not a function

Table: Basis functions F for different kernels K (z,y) = F(||z — y||) and corresponding basis functions f from
k(z,y) =

f(Jz —y|). Also the inverse Fourier transforms F

<
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Applications of the Kernel Summation Problem

® Kernel density estimation [Parzen 1962] [Rosenblatt 1956]
® (lassification via support vector machines [Steinwart Christmann 2008]

® Dimensionality reduction with kernelized principal component analysis [Schélkopf Smola 2002]
[Shawe-Taylor Cristianini 2004]

® Dithering and halftoning of images [Teuber Steidl Gwosdek Schmaltz Weickert 2010] [Krahmer Veselovska 2024]
® Electrostatic particle simulation [Nestler Pippig Potts 2015]

® Maximum mean discrepancies or the energy distance on the space of probability measure
[Gretton Borgwardt Rasch Schélkopf Smola 2006] [Székely 2002]

® Corresponding gradient flows [Arbel Korba Salim Gretton 2019] [Galashov Bortoli Gretton 2024]
[Hagemann Hertrich Altekriiger Beinert Chemseddine Steidl 2024] [Kolouri Nadjahi Shahrampour Simsekli 2022]

® Methods for Bayesian inference like Stein variational gradient descent [Liu Wang 2016]
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Random Fourier features (RFF)

A continuous, bounded function G: R? — R is called positive definite if for all N € N
N
Z ajarG(z; —xK) >0 Vz; € R?, a; € R.
k=1

< Matrix [G(z; — xk)];k is positive semi-definite

Theorem [Bochner 1933]

Denote by P(R?) the space of probability measures. The Fourier transform
Fax PR Co®Y), Falul(@) = [ 7 qufo) = Bumple™),
Rd

is bijective from P(R?) to the positive definite functions on R? with G(0) = 1.

. 1 md Kernel ‘ positive definite
If p has density g, € L"(R®), then Caussian =
) Matérn 4
Falpl(z) = / e_%l(m’wgu(v) dv. Laplacian ~
Re Riesz x

Slicing of Radial Functions: a Dimension Walk in the Fourier Space | Nicolaj Rux | 13 March 2025

Page 17



Random Fourier features (RFF) [Rahimi Recht 2007]

® Assumption: F o || - || positive definite on R? and F(0) = 1
® 3 Fourier transform p € P(R?) with F(||z||) = Epp[e®™ (¥
® Draw iid samples v1,...,vp from pu:

F(||z]]) = Eymy [e77Y) ~ > Z 2mi(2,0p)

® Insert into the sum (2)

N D
2 2 : E 2mi(z v
Sm = wn |mn 7ymH % nTYm, p>
_ l 2 :e—21ri(ym,vp)§ :wneQﬂ'i(xn,vp)
D
p=1 n=1

® Complexity ~» O(D(N + M))

®© Simple to implement

@ Error bound E[||F — F||os] € O(1/v/D) [Sutherland Schneider 2015]

® Only for positive definite functions ~» Not applicable for Riesz kernel F'(||z]) = —||z||
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Slicing Error

Absolute Error

1074

Absolute Error

Gauss kernel with 0% =0.194, d =20

Laplace kernel with a =2.27, d =20

Matern kernel with B =0.44, v=1.5,d =20

A
107t
5 5
i i
K £ 10
S 102 5
A g RFF 2 RFF
< Sobol RFF < A ORF < 4 ORF
x  slicing x  slicing x  slicing
e Sobol slicing ®  Sobol slicing ®  Sobol slicing
> Orth slicing > Orth slicing 10-3] » Orthslicing
= Distance slicing = Distance slicing = Distance slicing
10-
10 102 10° 10 10° 10° 101 10? 10°
Number P of Projections Number P of Projections Number P of Projections
negative distance kernel d =3 negative distance kernel d =10 negative distance kernel d =50
107t
L 107 <
g g
i ]
8 2
H 5107
2 2
2 2
x slicing 103 - :
® Sobol slicing X slicing X slicing
> Orth slicing ® Sobol slicing ®  Sobol slicing
= Distance slicing > Orth slicing > Orth slicing
+  spherical design = Distance slicing m  Distance slicing
10! 102 10° 10! 102 10° 101 10? 10°

Number P of Projections

Number P of Projections

Number P of Projections
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