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Problem Setting

Given: 𝑥1,… , 𝑥𝑁 ∈ ℝ𝑑, 𝑦1,… , 𝑦𝑁 ∈ ℝ𝑑 and 𝑤1,… ,𝑤𝑁 ∈ ℝ
and 𝐹∶ [0, 1] → ℝ
Compute fast:

𝑠𝑚 ≔
𝑁

∑
𝑛=1

𝐹(‖𝑥𝑛 − 𝑦𝑚‖2)𝑤𝑛 𝑚 = 1,… ,𝑁.

Fast summation requires Fourier coefficients of
𝑓∶ [0, 1] → ℝ :

𝐹(‖𝑥‖) =
1

𝜔𝑑−1
⌠
⌡𝕊𝑑−1

𝑓(|⟨𝑥, 𝜉⟩|)d𝜉 ⇔ ¹ 𝐹 = 𝒮𝑑[𝑓]

𝒮𝑑[𝑓](𝑠) = ⌠
⌡

1

0
𝑓(𝑡𝑠)𝜚𝑑(𝑡)d𝑡 𝜚𝑑(𝑡) ≔ 𝑐𝑑(1 − 𝑡2)

𝑑−3
2

¹[1]
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An Inverse Problem Perspective

Cosine orthonormal basis: 𝑔0(𝑡) ≔ 1 𝑔𝑘(𝑡) ≔ √2 cos(𝜋𝑘𝑡)

̂𝑎 = argmin
𝑎∈ℝ𝐾+1

‖𝒮𝑑𝑓𝑎 − 𝐹‖2ℋ + 𝜏2‖𝑎‖2 𝑓𝑎 = 𝑎0𝑔0 +… + 𝑎𝐾𝑔𝐾.

̃𝐹 = 𝒮𝑑 ̃𝑓, 1 ≤ 𝑝 ≤ ∞ ̃𝑠𝑚 ≔ ∑𝑁
𝑛=1

̃𝐹(‖𝑥𝑛 − 𝑦𝑚‖2)𝑤𝑛

|𝑠𝑚− ̃𝑠𝑚| ≤
𝑁

∑
𝑛=1

|𝐹− ̃𝐹|(‖𝑥𝑛−𝑦𝑚‖)|𝑤𝑛| ≤ ‖[(𝐹 − ̃𝐹)(‖𝑥𝑛 − 𝑦𝑚‖)]𝑁𝑛=1‖𝑝⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
‖𝐹− ̃𝐹‖𝐿𝑝([0,1])

‖𝑤‖𝑞

MSE: 𝑝 = 2, worst case bound: 𝑝 = ∞.
Sobolev embedding ‖𝐹‖𝐿∞([0,1]) ≤ √2‖𝐹‖𝐻1([0,1]).

ℋ ∈ {𝐿2([0, 1]), 𝐻1([0, 1])}
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Boundedness of the Slicing Operator

Theorem
For 𝑑 ≥ 3, the operator 𝒮𝑑 is bounded on the following spaces:
(i) For 1 < 𝑝 ≤ ∞, 𝒮𝑑 ∶ 𝐿𝑝([0, 1]) → 𝐿𝑝([0, 1]) is bounded with

‖𝒮𝑑‖op ≤ 𝑐𝑑𝑝
𝑝−1 (‖𝒮𝑑‖op = 1 for 𝑝 = ∞).

(ii) 𝒮𝑑 ∶ 𝐻1([0, 1]) → 𝐻1([0, 1]), bounded with ‖𝒮𝑑‖op ≤ (2 + 𝑐𝑑
2 )

1
2 .

Proof by Hardy’s inequality [2]: ‖𝐻‖𝐿𝑝→𝐿𝑝 =
𝑝

1−𝑝

𝐻𝑓(𝑠) ≔ 1
𝑠 ∫

𝑠

0
𝑓(𝑡)d𝑡 = ∫

1

0
𝑓(𝑡𝑠)d𝑡 = 𝒮3𝑓(𝑠).

Statement (i) fails for 𝑝 = 1: 𝑓(𝑡) = 𝑡−1 ln( e𝑡 )
−2
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Optimization in the Spacial Domain

̂𝑎 = argmin
𝑎∈ℝ𝐾+1

‖𝒮𝑑𝑓𝑎 − 𝐹‖2𝐿2([0,1]) + 𝜏2‖𝑎‖2𝒢 𝑓𝑎 = 𝑎0𝑔0 +… + 𝑎𝐾𝑔𝐾.

For quadrature nodes (𝑥𝑙, 𝑣𝑙) 𝑙 = 1,… , 𝐿 set
𝐻𝑘,𝑙 ≔ 𝒮𝑑[𝑔𝑘](𝑥𝑙)√𝑣𝑙 and 𝑏𝑙 ≔ 𝐹(𝑥𝑙)√𝑣𝑙.

‖𝒮𝑑𝑓𝑎 − 𝐹‖2𝐿2([0,1]) = ‖𝑎0𝒮𝑑𝑔0 +… + 𝑎𝐾𝒮𝑑𝑔𝐾 − 𝐹‖2𝐿2([0,1])

≈
𝐿

∑
𝑙=1

(
𝐾

∑
𝑗=1

𝒮𝑑[𝑔𝑘](𝑥𝑙)𝑎𝑘 − 𝐹(𝑥𝑙))
2

𝑣𝑙 = ‖𝐻⊤𝑎 − 𝑏‖22

Solve argmin𝑎∈ℝ𝐾+1 ‖𝐻⊤𝑎 − 𝑏‖22 + 𝜏2‖𝐷𝑎‖22
𝒮𝑑𝑔𝑘(𝑠) = √2𝒮𝑑[cos](𝜋𝑘𝑠) = √2𝜂𝑑(𝜋𝑘𝑠) with 𝜂𝑑 = 𝒮𝑑[cos].

𝜂𝑑 = Γ( 𝑑2 )(
2
𝑠 )

𝑑
2−1𝐽 𝑑

2−1
(𝑠) = 0𝐹1( 𝑑2 , −

𝑠2
4 ) = ∑∞

𝑘=0
(−1)𝑘Γ( 𝑑2 )

Γ(𝑘+1)Γ(𝑘+ 𝑑
2 )
( 𝑠2 )

2𝑘
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𝜂𝑑(𝑠) = 𝒮𝑑[cos](𝑠) = ⌠
⌡

1

0
cos(𝑠𝑡)𝜚𝑑(𝑡)d𝑡 =

1
2
ℱ[𝜚𝑑](𝑠).
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Lifting into the Frequency Domain

Lift ℋ into Fourier space 𝒞 ∶ ℋ ⟶ 𝒞(ℋ), via

⟨𝑎, 𝑏⟩ℓ(ℋ) ≔ ⟨𝒞−1𝑎, 𝒞−1𝑏⟩ℋ 𝑎, 𝑏 ∈ 𝒞(ℋ).

‖𝑎‖2ℓ(𝐿2([0,1]) = ∑∞
𝑘=0 𝑎

2
𝑘 and ‖𝑎‖2ℓ(𝐻1([0,1]) = ∑∞

𝑘=0(1 + 𝜋2𝑘2)𝑎2𝑘
In the Fourier Space

̂𝑎 = argmin
𝑎∈ℝ𝐾+1

‖𝒮𝑑𝑓𝑎 − 𝐹‖2ℋ = argmin
𝑎∈ℝ𝐾+1

‖𝒞𝒮𝑑𝒞−1𝑎 − 𝒞𝐹‖2ℓ(ℋ)

𝐿2([0, 1]) 𝐿2([0, 1])

ℓ2 ℓ2

𝒮𝑑

𝒞 𝒞

𝑆

𝑆𝑗,𝑘 = 𝒮𝑑[sinc(⋅ + 𝑗) + sinc(⋅ − 𝑗)](𝑘)
𝑘, 𝑗 ≥ 1

𝑆𝑎 = 𝑏 where 𝑏𝑘 = 𝒞[𝐹]𝑘
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Implementation Details

Algorithm Frequency & Spacial Domain
Require: 𝐹∶ [0, 1] → ℝ, dimension 𝑑 ∈ ℕ
Require: Number of cosine coefficients 𝐾 in domain and 𝐽

in range, number of Quadrature points 𝐿, regularization
strength 𝜏 > 0

1: Get Quadrature points (𝑥𝑙, 𝑣𝑙) 𝑙 = 1,… , 𝐿.
2: Build 𝑋𝑘,𝑗=𝒮𝑑[sinc(⋅+𝑘)+ sinc(⋅−𝑘)](𝑗) or 𝑋𝑘,𝑗=𝒮𝑑[𝑔𝑘](𝑥𝑙)√𝑣𝑙.
3: Compute 𝑏𝑘 = 𝒞𝐹𝑘 or 𝑏𝑘 ≔ 𝐹(𝑥𝑙)√𝑣𝑙
4: Solve ̂𝑎 = argmin𝑎 ‖𝑋𝑎 − 𝑏‖2ℋ + 𝜏2‖𝐷𝑎‖22
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Two Types of Errors

Approximation Error

ℰ𝑑,𝑃[𝑓, 𝐹](‖𝑥‖)2 ≔ 𝔼𝜉1,…,𝜉𝑃∼𝒰𝕊𝑑−1
⎡
⎣
(
1
𝑃

𝑃

∑
𝑝=1

𝑓(|⟨𝜉𝑝, 𝑥⟩|)−𝐹(‖𝑥‖))
2
⎤
⎦

Slicing Error ℰ𝑑,𝑃[𝑓,𝒮𝑑[𝑓]](‖𝑥‖)2 =
𝕍𝑑[𝑓](‖𝑥‖)

𝑃 [3]
Forward Error |𝒮𝑑 ̃𝑓(‖𝑥‖) − 𝐹(‖𝑥‖)|

Theorem
For any ̃𝑓 , 𝐹 ∈ 𝒞([0, 1]) and 𝑠 ∈ [0, 1] it holds
(i) ℰ𝑑,𝑃[ ̃𝑓, 𝐹](𝑠)2 = |𝐹(𝑠) − 𝒮𝑑[ ̃𝑓](𝑠)|2 + 𝕍𝑑[ ̃𝑓](𝑠)𝑃−1

(ii) ‖𝕍𝑑[𝑓𝑎]‖𝐿∞([0,1]) ≤ 3‖𝑓𝑎‖2𝐻1([0,1])
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Noise-free but Regularized

‖ℰ𝑑,𝑃[𝒞−1𝑎, 𝐹]‖2𝐻1([0,1]) ≤ ‖𝒮𝑑𝒞−1𝑎 − 𝐹‖2𝐻1([0,1]) +
3
𝑃
‖𝑎‖2ℓ(𝐻1([0,1]))

argmin
𝑎∈ℝ𝐾+1

‖𝑆𝑎 − 𝒞𝐹‖2ℓ(𝐻1([0,1])) + 𝜏2‖𝑎‖2ℓ(𝐻1([0,1]))

Method Algorithm Range ℋ Domain 𝒢

S-L2-H1 Spatial Domain 𝐿2([0, 1]) 𝐻1([0, 1])
F-L2-H1 Frequency Domain 𝐿2([0, 1]) 𝐻1([0, 1])
F-H1-H1 Frequency Domain 𝐻1([0, 1]) 𝐻1([0, 1])

Table: Abbreviations and setup for our numerical tests.
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Numerical Results: The Forward Error
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(a) The Laplace: 𝐹(𝑠) = exp(−|𝑠|)
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Figure: Dimension: 𝑑 = 1000, Coefficients 𝐾 = 28, 𝐿10 quadrature
nodes
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Thank you for your
attention :)

I am happy to take any questions!
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The Inverse Slicing Operator

Let 𝑑 ≥ 3 be odd and set 𝑛 ≔ (𝑑−1)
2 , 𝒮−1

𝑑 ∶ 𝐻𝑛([0, 1]) → 𝐿2([0, 1])

𝒮−1
𝑑 [𝐹](𝑡) =

2𝑛𝑛!
(2𝑛)!

𝑛

∑
𝑘=0

𝑎𝑛,𝑘𝑡𝑘𝐹(𝑘)(𝑡)

where 𝑎𝑚,𝑚 = 1 and 𝑎𝑚,𝑘 ∈ ℕ recursively for 𝑘 = 1,… ,𝑚
through

𝑎𝑚,0 = (𝑑−2𝑚)𝑎𝑚−1,0 and 𝑎𝑚,𝑘 = (𝑑−2𝑚+𝑘)𝑎𝑚−1,𝑘+𝑎𝑚,𝑘−1.
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