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Problem Setting

m Given: xq,...,xy € R?, Vi, YN € R” and wy, ..., wy €R
and F: [0,1] > R

m Compute fast:

N
= F(lx, = Yml2)w, m=1,...,N.
=1

n

m Fast summation requires Fourier coefficients of
f:[0,1] > R:

Fsh = —— [ Alohds ' F=Sif]

W41

d3

= [ fustndr ot = ca1 -

'[1]

Nicoraj Rux joint work with Prof. Dr. SEBAsTIAN NEUMAYER & Dr. JoHANNES HERTRICH Technische Universitit Chemnitz

Numerical Methods for Kernel Slicing



0.2

«4O0» «F» «=>»

4

o>



050(t)

0.2

0.4

0.6

0.8

1.0

«4O0» «F» «=>»

4

o>



050(t)

£(0.00¢)

0.2

0.4

06 08 10

A

-1
Sal£(0.00) :/ £(0.00) 950 (£) It
JO

02 04 06 08 10

A4O0r «F>» «=» «

U
v
it

o>



os0(t) £(1.00%)

-1
Salf](1.00) :/ F(1.00t) 050 (t)
JO

6-/\

02 04 06

«4O0» «F» «=>»

4

0.8

!
v

1.0

o>



An Inverse Problem Perspective

m Cosine orthonormal basis: g(t) := 1 g(t) := V2 cos(tkt)

. . 2 20 02
a = argmin ||S;f, —Fll3 +tllall® f, =aeg + --. + axgk-
a€]RK+1

mF=85f1<p<00d, =Y F(lx,— yml)w,

|$m—3 m|<Z|F FINxu=ymDlwal < [[(F = F)(l1xy = DB [, 1l

n=1

”F_FllLP([o,l])

m MSE: p = 2, worst case bound: p = .
m Sobolev embedding [|F ||z« (0,1)) < \/§||F||H1([0’1]).
= M € {L*([0,1]), H'([0,1])}
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Boundedness of the Slicing Operator

For d > 3, the operator S; is bounded on the following spaces:
(i) For 1 <p < oo, S;: LP([0,1]) — LP([0, 1]) is bounded with

”Sdllop < 1% (”‘Sdllop = ].fOTp = 00).

(ii) St H'([0,1]) — H'([0, 1]), bounded with ||Sllop < (2 + %)*.

= Proof by Harpy’s inequality [2]: [|H|lpr = 15

P
Hf(s)= L [ f(t)dt = [ f(ts)dt = S, f(s).
m Statement (i) fails for p = 1: f(t) =+ ' In(¢)™?
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Optimization in the Spacial Domain

. . 2 22
a = argmin |S;f, — Fllf2qop) + 7 l1allg  fo = 4080 + --- + ax8k-
aGIRK'H

m For quadrature nodes (x;, v)) | = , L set

Hy ;= S4(8](x))/v; and b := F(x )\F

ISafs = Flli2qo,1) = 190Sa80 + --- + axSagk = Fll 20,1
L

(Z‘Sd 8k)(x1)a —F(Xz)) v =|H"a-b|3

I=1 j=1

Q

. T 2, 2 2
m Solve argmin _p«., |11 a = b3 + 77 ||Dall;

m Si9(s) = V28;[cos](rtks) = V2n,(rcks) with 1, = Sy[cos].

S kr S
m = T)(2)F " a_(5) = oFy(,—%) = zkoﬁwk
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Lifting into the Frequency Domain

m Lift H into Fourier space C: H — C(H), via
<Ll, b>é’(7‘() = (C_lﬂ, C_1b>H a, be C(H)

u ||ﬂ||§(L2([o,1]) = ZZO:O “13 and ||a||§(H1([o,1]) = Z;:ozo(l + nzkz)ai
m In the Fourier Space

4 = argmin ||S,f, - F||3; = argmin ||CS,C"'a - CF ||§(H)

aeRK+1 a€RK+1
L*([0, 1]) —= L*([0, 1]) Sik = Salsinc(- + j) + sinc(- - j)](k)
k,j>1
c c ’
\L \L Sa = b where b, = C[F];
€2 o E _ } €2
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Implementation Details

Algorithm Frequency & Spacial Domain

Require: F:[0,1] —» R, dimension d € N

Require: Number of cosine coefficients K in domain and |
in range, number of Quadrature points L, regularization
strength > 0

Get Quadrature points (x;,v;) [ =1, ..., L.

Build X ;=5;(sinc(-+k)+ sinc(-—k)|(j) or Xy =5,(gi|(x1) /v
Compute by = CF; or by := F(x))\/v;

Solve 4 = argmin_ || Xa - b||3 + *||Dal|;
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Two Types of Errors

m Approximation Error

Euplf, Fl(lxI)? := Es,,.. ot

(L3 iy mn-Fisiy )}
p=1

m Slicing Error & p[f, Si[f]](IxI)? Wd[f] 15D 3]
= Forward Error |S;f (lx]) - F(llx])]

For any f,F € C([0,1]) and s € [0, 1] it holds
) Eaplf, F1(s)* = IF(s) = SalF1(s)I> + V[ F)(s)P™"
(ﬁ) ||Wd[fa]||L°°([o,1]) < 3||fa”1211([0,1])
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Noise-free but Regularized

_ _ 3
1€a,p[C 1a1F]”I2—Il([0,1]) <8 "a - F||1211([0,1]) + 13”“”?(111([0,1]))

arg min || Sa — CF||§(H1([O’1])) +7%|a ||§(Hl([0,1 n

acRK+1
Method  Algorithm Range H Domain G
S-L2-H1 Spatial Domain L*([0,1])) H'([0,1))

F-L2-H1 Frequency Domain L*([0,1]) H'([0,1])
F-H1-H1 Frequency Domain H'([0,1]) H'([0,1])

Table: Abbreviations and setup for our numerical tests.
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Numerical Results: The Forward Error
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Thank you for your
attention :)

I am happy to take any questions!
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The Inverse Slicing Operator

Let d > 3 be odd and set n := (d%”, S;': H"([0,1]) — L*([0,1])

n

SN = 22 ) auutt B9

" k=0

where a,, ,, = 1 and a,,, € N recursively fork =1,...,m
through

Ao = (d-2m)a,,_, o and a,, , = (d=2m+k)a,,_; y+a, ;-
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