
Wasserstein gradient flows for Riesz MMD

regularized f-divergences

Nicolaj Rux

Technische Universität Berlin
Applied Mathematics

Wednesday 1st April, 2026

Nicolaj Rux Technische Universität Berlin Applied Mathematics

Wasserstein gradient flows for Riesz MMD regularized f-divergences 1 / 18



Motivation

S. Neumayer, V. Stein, G. Steidl and N. Rux, Wasserstein Gradient Flows for

Moreau Envelopes of f-Divergences in Reproducing Kernel Hilbert Spaces,

https://arxiv.org/abs/2402.04613,

https://github.com/ViktorAJStein/Regularized_f_Divergence_Particle_Flows/

Nicolaj Rux Technische Universität Berlin Applied Mathematics

Wasserstein gradient flows for Riesz MMD regularized f-divergences 2 / 18



Optimal Transport

“The Wasserstein distance W2 quantifies the minimal effort to
transport measure µ,∈ P 2(R) to ν ∈ P 2(R), w.r.t ∥ · ∥2. ”

y1
y2

x1

x2

W2(µ,ν)2 = min
γ∈Γ (µ,ν)

"
R

d×Rd
∥x − y∥2dγ(x,y)
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Wasserstein Gradient Flows

Definition 1

Given an energy functional D : (P 2(Rd),W2)→ [0,∞), a
Wasserstein gradient flow starting at µ0 ∈ P 2(Rd) is a curve
ω : (0,∞)→P 2(Rd) with limt→0ω(t) = µ0, following the steepest
descent w.r.t W2.

ω′(t) = −∇D(ω(t))

ω(0) = µ0

D(µ)BD(µ∥ν) D(µ∥ν) = 0⇔ µ = ν
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Reproducing Kernel Hilbert Spaces

Theorem 2 (Moore-Aronszajn)

For every symmetric, positive definite kernel K : Rd ×Rd →R,
there exists a unique RKHS (HK ,⟨·, ·⟩K ), such that K(x, ·) ∈ HK and

h(x) = ⟨h,K(x, ·)⟩K for all h ∈ HK and x ∈Rd .

SPD-Kernel K RKHS HK
1 : 1

Definition 3 (Reproducing Kernel Hilbert Space)

Hilbert space H⊆ {f : Rd →R} such that for all x ∈Rd , the
evaluation maps x̂ : H→R,h 7→ h(x) are continuous.
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Examples of Kernels

Gaussian x,y 7→ exp(− 1
2σ2 ∥x − y∥2) ∈ C0

Inverse Multi Quadric x,y 7→ (σ + ∥x − y∥2)−
1
2 ∈ C0

Negative Distance (Riesz)
x,y 7→ −∥x − y∥+∥x∥+ ∥y∥+1 < C0

Gaussian IMQ Negative Distance
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Kernel Mean Embedding (KME)

Isomorphism ΦK : HK →H∗K ,ΦK (h) = ⟨h, ·⟩K
Isomorphism Ψ : M(Rd)→C0(Rd)∗,Ψ (µ)(h) =

∫
hdµ

Bounded embedding iK : (HK ,∥ · ∥K )→ (C0(Rd),∥ · ∥∞),h 7→ h

C0(Rd)∗ H∗K

M(Rd) HK

i∗K

Ψ ΦK

mK

mK (µ)(x) =
∫
R

d K(x,y)dµ(y)

M(Rd) HK [0,∞)
mK ∥ · ∥HK
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Evolution of Negative Distance Kernel

x,y 7→ −∥x − y∥ symmetric, but not positive definite.
R(x,y) = −∥x − y∥+∥x∥+ ∥y∥ symmetric positive definite, but
KME mR(M(Rd)) ⊈HR.
Restrict KME to

M1/2(R
d)B

{
µ ∈M(Rd) :

∫
R

d
∥x∥

1
2 d|µ|(x) <∞

}
KME: M1/2(Rd)→HR, but mR not injective:

mR(δ0)(x) =
∫
R

d
K(x,y)dδ0(y) = R(x,0) = 0

Kernel x,y 7→ −∥x − y∥+ ∥x∥+ ∥y∥+1 is symmetric positive
definite and KME onM1/2(Rd) is injective.
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1

2

3

4

5

t

KL(t) =
t ln(t)− t + 1

χ(t) = |t − 1|

Definition 4 (f -Divergence)

Given two non negative measures µ,ν ∈M(Rd) there is a unique
decomposition µ = µc +µs, where µc≪ ν and µs ⊥ ν.

Df (µ∥ν)B
∫
R

d
f ◦

dµc

dν
dν + f ′∞µ

s(Rd).
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MMD-regularised f -Divergence

Entropy function f

Target measure ν

regularizer λ > 0

Kernel K

Definition 5

Dλ BDλ
f ,K,ν(µ)B inf

σ∈M1/2
+(Rd )

{
Df (σ∥ν) +

1
2λ
∥µ− σ∥2K

}

∥ · ∥K = ∥ · ∥HK
◦mK
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Extended f -Divergence

E : HK → [0,∞] given

E(h)B

Df (µ∥ν) if ∃µ ∈M1/2
+(Rd) : mK (µ) = h

∞ else.

E ◦mK = Df ( · ∥ν)

Definition 6 (Moreau Envelope)

For E ∈ Γ0(HK ) the Moreau Envelope is defined as

Eλ(h)B inf
g∈HK

{
E(g) +

1
2λ
∥h− g∥2K

}
∈ Γ0(HK ).
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From Measures to RKHS

Theorem 7

For symmetric, positive definite, characteristic C0-kernels, the
extended f -Divergence E is in Γ0(HK ).

[0,∞] HK

M1/2(Rd) [0,∞)

E

EλDf ( · ∥ν)
mK

Dλ

For Negative Distance kernel E is in Γ0(HR) under certain
growth conditions on f and moment constrains on ν.
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Theorem 8 (Existence of Wasserstein Gradient Flows)

Let D : (P2(Rd),W2)→ [0,∞] be proper, lower semi-continuous
and M-convex along generalized geodesics. Given µ0 ∈ dom(D),
there is a unique Wasserstein gradient flow ω of D starting at µ0.

t = 0
4 t = 1

4 t = 2
4 t = 3

4 t = 4
4

γ̃t = (1− t)δx + tδy and γt = δ(1−t)x+ty

0Ambrosio Et al., Gradient Flows in Metric Spaces and in the Space of
Probability Measures, [1, Thm. 11.2.1 & Eq. 11.2.1b]
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Negative Distance Kernel

x
-3 -2 -1 1 2 3z

(z, 2z+1)
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1

Rz(x)

x
-3 -2 -1 1 2 3z

1

2

0

R′z(x)
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Negative Distance Kernel

t = 0 t = 0.1 t = 0.2

t = 1 t = 10 t = 50

0Tsallis α = 3, modified negative distance, λ = 0,01, τ = 0.001, ν − 900,
µ− 300 particles.
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Inverse Multi Quadric

t = 0 t = 0.1 t = 0.2

t = 1 t = 10 t = 50

0Tsallis α = 3, inverse multi quadric, λ = 0,01, τ = 0.001, σ = 0.1, ν − 900,
µ− 300 particles.

Nicolaj Rux Technische Universität Berlin Applied Mathematics

Wasserstein gradient flows for Riesz MMD regularized f-divergences 16 / 18



Thank you for your
attention :)

I am happy to take any questions!
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