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Random Features for Large-Scale Kernel Machines

Al Rahimi and Ben Recht
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Embedding

m # Vocabulary: V = 50000

= Embedding dimension: d,, ~ 512 -12288

» Embedding dictionary: D € R"*%n

m Context length: n € IN

m Tokens: tq,...,t,

m Embedded tokens: t; — Emb[t;]e R, i=1,...,n

0.4
tj=“cat” — Emb[“cat’]=]0-3| e R
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Transformer Architecture! [Vas+17]

Encoder

Output probabilities

Decoder
.

\
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Multi-head
Attention
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Attention

Masked Multi-head
Attention

Positional encoding

D

Embeddings
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D
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Target sequence

Thttps://deeprevision.github.io/posts/001-transformer/.
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Time Complexity: The Feed Forward Network (MLP)

W e R, b e RY W e R4, h g R

O(n(dsdy +dp+ dp +dyds +d,)) = O(nd?)
P —
layer 1 ReLU layer 2
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The Attention Mechanism [Vas+17]

Scaled Dot-Product Attention Multi-Head Attention

Scaled Dot-Product h
Attention

Nicoraj Rux Technische Universitat Berlin/Chemnitz

The Long-Context Challenge



Time Complexity: The Attention Mechanism

m Forheads h=1,...,H € N and Attention dimension
dy:=4d,/H

m Qy, Ky, Vi, € RAuxdn

mg;=Qutj, kj=Kytj, vj=Vytj€ R%  for token
th,...,t, € R in O(nd?).

n e<qk’k]> d k
— - . H -
Atng E ¥, e(qkykov]elR , L,...,n (1)
j=1 1=1

L —>Atn]~’;Z € IRdm,j =1,...,nin
O(nH(ndy)dy) = O(n?d,,dy).
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Transformer Stats

» Time Complexity: O(n’d,,dy + nd? + nd2, )
—_—  ~—

Attention MLP
Parameter [Vas+17]  [Bro+20]
Vocabulary % 37000 50257
Embedding dimension d,, 512 12288
Context window Meix (512) 2048
MLP dimension dy 2048 49152
Heads H 8 96
Attention dimension dy 64 128
Attention-MLP blocks N 6 96
FLOPS for training flops (6E+18) 3.14E+23
Peta Flop days PF-days  (7E-02) 3.64E+03

Table: Comparison of Transformer sizes.
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From Classical Analysis ...

o Positive definite Kernels/Functions

n
K e PD(RY) & Z a;iK(xj,xp)ay 20,¥neN,a e R", x € R4
jk=1

m [Mer09] Mercers’s Theorem
K € PD(R?) = K(x,9) = (P(x), D(p))e:
m [Boc33] Bochner’s Theorem K(x,v) = f(x—7v)

Fi PR < PDIRY, ()= Flulte) = [ e apty),
1
m [CV95] Support Vector Machines K(x,y) = e 2l

Za xpyp), 1=1,...n O(n?)
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... to Modern Machine Learning

1
m [RRO7] Random Fourier Features f(x—v) = e 2lhll

P oiEx)

flx) = Flplx) = J}Rd 9 dp(y) = Ee ., [e69] ~ Z

k=1

o
=

P
. a; .
k:l

k=1 j=1
= Time Complex1ty O(Pnd) for P < n good.
= # Features P ~ d depends on R? but not on n ~ O(nd?).

= Generalizable to arbitrary positive definite functions
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Application in the Attention Mechanism

m [Vas+17] Attention Is All You Need
m [Kat+20; Pen+21; Cho+21]

n e<qk’k]>

Atng = Z

= j=1

v; eleH, k=1,...,n

1 1 1 1 1 1
o59) _ o IKIP= PS5l _ =3I = 3 IpIP o~ Gl

1
n Lp— "y ,

_ e 2 e _ Zim K ae k)
Athyp = I TP T Y BiK(qu k)
= o 2kl o= 1lkil 1=1 PIAGk, K

m Runtime: Attention
O(nd?, + H(Pndy)dy) — O(nd2, + ndédm).
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A Timeline: From Classical Analysis to Modern

Machine Learning

Mer09

Nonlinear clas- [Mer09]

sification via

SVMs MERCER [Boc33] Quadratic to

(Kernel trick) [CV95] Line'ar time com-
plexity BocHNER
RFF

[RRO7] (REF)
RFF applied to
Attention mech- [Vas+17]

anism
[Kat+20; Pen+21; Cho+21]
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Results: Random Feature Attention [Pen+21]

_ —— Softmax
7~ RFA-arcos
o RFA-Gaussian

— RRA
—— RFA Reset
—— Softmax Reset
— = Pretrined

Training Loss

I
Sequence Length 3 50 100 1500
W Spent (b) Memory vs. lengths. Number o Fineturing Step:

0 200 200
F

m Drop-in replacement for standard attention

m 12x faster decoding with <10% memory usage for
2048-token outputs

® Not an approximation of Softmax

m Compatible with pretrained models
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Results: Rethinking Attention with Performers

[Cho+21]

106 Attention Output (Orthogonal vs [ID) 10 Attention Output (Sin/Cos vs Positive)
105 15 1D — Sin/Cos
, = Orthogonal 103 = Positive
w 10 w
2 10 2 102
£ 10t g 10
°© 10° °© 100
0
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Figure 4: MSE of the approximation output when comparing Orthogonal vs IID features and trigonometric
sin/cos vs positive features. We took L = 4096, d = 16, and varied the number of random samples m. Standard

deviations shown across 15 samples of appropriately normalized random matrix input data.




Limitations and Trade-offs

o Complexity improves when feature size P~dy:
O(nd2, + H(Pndy)dy) — O(ndjd,,).
m If n=d,,: overall cost dominated by MLP,
O(n’dydy +nd%) — O(d3).

= Best suited for long-context, low-dimension
Transformers.

m Training may take more steps, but inference is
significantly faster.

m Further gains possible via orthogonal sampling and
positive feature maps.

m This method does not approximate softmax.
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Alternative Approaches

m Windowing — restrict attention to fixed local windows of
tokens instead of the full sequence.

m Recurrence — extend context by reusing cached hidden
states from previous segments.

m Clustering — reduce complexity by grouping tokens with
locality-sensitive hashing and attending only within
clusters.

m Linformer — approximate attention with a low-rank
projection of keys and values, yielding linear complexity.

m FlashAttention — speed up training with GPU-efficient
blockwise computation of exact softmax attention.
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Thank you for your (random feature) Attention!

Attention Optimized to its Prime

2https://dropinblog.net/cdnfcgi/image/fit:scalefdown,width:700/34260623/ﬁles/featured/optimusfprimef
1.webp
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Instead of RFF use slicing

Apply to other kernels then Gaussians / learn coefficients
of f
How to reduce Time Complexity of MLP

Can the Attention parameters be swapped in to
transformers?

Improve slicing directions? — QMC/orthogonal
[@ Better to have positive coefficients?

What are the really efficient methods for large attention
windows? Can they be combined?
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Slicing summation

m Idea: Construct even f: R — R s.t.

1 P
P = g [ A e =5 ) fle )

p=1

m Insert into the sum s, = ij:l w, F([[x, = vl

N 1
m = N 11 n_ mré dé
Y g Jy,, 063 )

m Choose points &;,...,&p € Gd-1

P
Sm = ! Z wnf(|<xn:ép>_<ymz£p>|)

1D kernel sum
® P one-dimensional sums ~> O(P(N + M + Ny log Ny,))
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Fast Fourier Summation

m Fourier expansion of the kernel with degree Ng € IN

Np .
flh~ ) eei
k=—Np
m For X153 XN>V15---»YM € R

N N Ng Nt N
anf(lxn — Yml)> an Z Ckeka(xn—ym): Z Cke—Zmymew”eZmX,,k
n=1 n=1 k=—Npg k=—Ng n=1

[ —

Sm =D

Comp. inner sum wy via NFFT of w ~> O(N + Ny, log N,)
Comp. outer sum s, via NFFT of ¢y ~> O(M + Ng log Ng)
Total complexity: O(N + M + Ng log Ng;)
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